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Pigtail: A Pig Addendum

Abstract

The object of the jeopardy dice game Pig is to be the first player to reach 100 points. Each turn, a player
repeatedly rolls a die until either a 1 is rolled or the player holds and scores the sum of the rolls (i.e., the turn
total). At any time during a player’s turn, the player is faced with two choices: roll or hold. If the player rolls a 1,
the player scores nothing and it becomes the opponent’s turn. If the player rolls a number other than 1, the
number is added to the player’s turn total and the player’s turn continues. If the player instead chooses to hold,
the turn total is added to the player’s score and it becomes the opponent’s turn.

In our original article [Neller and Presser 2004 ], we described a means to compute optimal play for Pig. Since
that time, we have also solved a number of Pig variants. In this addendum, we review the optimality equations
for Pig, show how these equations change for several Pig variants, and show how the resulting optimal policies
change accordingly. [excerpt]
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Introduction to Pig

The object of the jeopardy dice game Pig is to be the first player to reach 100
points. Each turn, a player repeatedly rolls a die until either a 1 is rolled or the
player holds and scores the sum of the rolls (i.e., the turn total). At any time
during a player’s turn, the player is faced with two choices: roll or hold. If the
player rolls a 1, the player scores nothing and it becomes the opponent’s turn.
If the player rolls a number other than 1, the number is added to the player’s
turn total and the player’s turn continues. If the player instead chooses to hold,
the turn total is added to the player’s score and it becomes the opponent’s turn.

In our original article [Neller and Presser 2004], we described a means to
compute optimal play for Pig. Since that time, we have also solved a number
of Pig variants. In this addendum, we review the optimality equations for Pig,
show how these equations change for several Pig variants, and show how the
resulting optimal policies change accordingly.

Maximizing the Probability of Winning

Let P; ;. be the player’s probability of winning if the player’s score is i,
the opponent’s score is j, and the player’s turn total is k. In the case where
i+ k > 100, P; j, = 1 because the player can simply hold and win. In the
general case where 0 < ¢, 7 < 100 and k£ < 100 — ¢, the probability of an optimal
player winning is

Pi,j,k; = max (Pz',j,k,rolh Pz',;yk,hold),
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where P, ; 1. ron @and P; ; 1 hoia @re the probabilities of winning if one rolls and
holds, respectively. These probabilities are given by:

1
Pijrron = £[(1 = Pjio) + Pijrt2 + Pijr+s + Pijrsa + Pijirs + Pijre),
P; jrhoid =1 — Pjitko-

The probability of winning after rolling a 1 or holding is the probability that
the other player will not win beginning with the next turn. All other outcomes
are positive and dependent on the probabilities of winning with higher turn
totals.

These equations, and those of the variants that follow, can all be solved
using value iteration as described by Neller and Presser [2004]. The solution to
Pig is visualized in Figure 1. The axes are i (player 1 score), j (player 2 score),
and k (the turn total). The surface shown is the boundary between states where
player 1 should roll (inside the surface) and states where player 1 should hold
(outside the surface).

Figure 1. Roll/hold boundary for optimal Pig policy.

In each of the following subsections (except Hog), the state space is the
same, and the same notation will be used to underscore similarities.
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Parker Brothers Pig Dice

Pig Dice®? is a commercial 2-dice variant of Pig that has had surprisingly
little influence on the rules of modern variants. This is in part due to the fact
that the game requires specialized dice. One die is a standard die with a pig
head replacing the 1. The other is a standard die with a pig tail replacing the
6. Such rolls are called Heads and Tails, respectively. The goal score is 100, yet
after a player has met or exceeded 100, all other players have one more turn to
achieve a higher score. We ignore this restriction for symmetry in analysis.

As before, players may hold or roll, risking accumulated turn totals. How-
ever, there is no undesirable single die value in this game. Rather, rolling dice
that total 7 ends the turn without scoring. Rolling a Head and a Tail doubles
the current turn total. Rolling just a Head causes the value of the other die to
be doubled. Rolling just a Tail causes the value of the other die to be negated.
However, the turn total can never be negative. If a negated die would cause
a negative turn total, the turn total is set to 0. All other non-7 roll totals are
added to the turn total.

Optimality equations for Pig Dice are the same as those for Pig with the
following difference:

Pi,j,Qk, if di =1 and do = 6;
1 P j k12ds !f d; = 1and dy # 6;
P j kron = 36 Z P; jmax(0,k—dy), 1fd1 # 1and dy = 6;
di,dze[1,6] | 1—Pj;o, otherwise if d; +dy =T,
P i ktdy+dss otherwise.

Examining the optimal policy (Figure 2), we see another reason this variant
is not popular. Optimal play essentially consists of waiting for two turns that
score approximately half of the points each. If both players have no points, it
is optimal to hold at 46. If the opponent has scored between 46 and 51 points,
the optimal player holds in the range of 61-65 points. Having once scored, a
player seeks to score the remaining number of points to win.

2-Dice Pig

According to game analyst Bill Butler, one of the simplest and most common
variants, which we will call 2-dice Pig, was produced commercially under the
name “Pig” in the 1950s. The rules are the same as our 1-die Pig except:

e Two standard dice are rolled. If neither shows a 1, their sum is added to the
turn total.

e Ifasingle 1 is rolled, the player’s turn ends with the loss of the turn total.

1©1942 Parker Brothers
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Figure 2. Roll/hold boundary for optimal Pig Dice policy.

e If two 1s are rolled, the player’s turn ends with the loss of the turn total and
score.

Optimality equations for Two-Dice Pig are the same as those for Pig with
the following difference:

1 1— Pj,0,07 if d1 = d2 = 1,
Pi,j,k,roll = % Z 1-— Pj,i,Oa if either di =1ordy =1,
di,d2€[1,6] | Pijk+di+ds, Otherwise.

Examining the optimal policy (Figure 3), we see that it is very similar to
the optimal policy for Pig, with the greatest differences in the endgame, where
“troughs” in the roll/hold boundary are shifted, and one seeks to roll all re-
maining points at higher scores. Even so, optimal play is very similar to Pig,
despite the addition of a second die.
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Figure 3. Roll/hold boundary for optimal Two-Dice Pig policy.

Frey’s Pig

Skip Frey describes a 2-dice Pig variation [1975] that differs only in how
doubles are treated and how the game ends.

e If two 1s are rolled, the player adds 25 to the turn total and it becomes the
opponent’s turn.

¢ If other doubles are rolled, the player adds twice the value of the dice to the
turn total, and the player’s turn continues.

e Players are permitted the same number of turns. If the first player scores
100 or more points, the second player must be allowed the opportunity to
exceed the first player’s score and win.

For symmetry in analysis we ignore the “same number of turns” require-
ment, awarding victory to the first player to reach 100 points.

Optimality equations for Two-Dice Pig are the same as those for Pig with
the following difference:
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1 = Pjitry250, ifdi=dy=1,

_ Pi,j,k+4d1’ ifdl :d2 # 1;
P j kron = Z 1— Pj.io, ifeitherd; =1ords =1,
WBELS P otherwise.

Examining the optimal policy (Figure 4), we see that the roll/hold boundary
has the same shape, yet play is significantly different from higher expected
turn totals. At the beginning of the game, one holds at 28 rather than 21. An
optimal player seeks to reach the goal score in 1-3 scoring turns depending on

the opponent’s score.

Figure 4. Roll/hold boundary for optimal Frey’s Pig policy.

Big Pig
Knizia [1999] describes Frey’s Pig as being a variant of “Big Pig”, which
differs only in that the player’s turn continues after rolling a 1-1 (“big pig”).
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Thus, the difference in equations is:

P ; 1425, ifdi =dy =1,
1 P; j k+ad, ifd; =ds #1,
Fijkron = 55 Z 1— Pjio, if either d; = 1 or dy = 1;

dy,d2€[1,6 i
1,d2€[1,6] P; j ktdy+ds, Otherwise.

Examining the optimal policy (Figure 5), we note that it is similar to that of
Frey’s Pig, with minor variations in the roll/hold boundary.

Figure 5. Roll/hold boundary for optimal Big Pig policy.

Piggy

Ivars Peterson [2000] describes Piggy, which varies from 2-dice Pig in that
there is no single bad dice value. Rather, doubles have the same consequences
as asingle 1 in 2-dice Pig. Thus, the difference in equations is:
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o 1 1-— Pjﬂ',o, if dl = d2;
PZ,],ki,rO” - % J dze[l 6] { Pi,j,k+d1+d27 OtherWiSe-
1,42 )

Examining the optimal policy (Figure 6), we see that optimal play of Piggy
is very similar to that of Parker Brothers Pig Dice. That is, one seeks to reach
the goal score in two scoring turns, holding at roughly half the goal score.

Figure 6. Roll/hold boundary for optimal Piggy policy.

Piggy Sevens

Piggy Sevens is a variant of Piggy we devised. In this variant, it is a total of
7 rather than doubles that causes the turn to end with the turn total lost. Thus,
the difference in equations is:
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1 1—Pj,o0, ifdi +dy =T,
Pz,],k:,l’O” — an Z { PZ j,k+di+das OtherW|Se
dy,d2€[1,6] e

The optimal policy (Figure 7) is almost identical to that of Piggy.

Figure 7. Roll/hold boundary for optimal Piggy Sevens policy.

Pigmania/Pass the Pigs

A popular commercial variant, Pass the Pigs®? (which was originally called
PigMania®?) was designed by David Moffat in 1977. In this variant, small
rubber pigs are used as dice. When rolled, each pig can come to rest in a variety
of positions with varying probability: on its right side, on its left side (marked
with a dot for easy perception), upside down (a.k.a. “razorback”), upright

2(©1995 David Moffat Enterprises and Hasbro, Inc.
3(©1977 David Moffat Enterprises
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(a.k.a. “trotter™), balanced on the snout and front legs (a.k.a. “snouter”), and
balanced on the snout, left leg, and left ear (a.k.a. “leaning jowler™).

In 1997, 52 6th-grade students of Dean Ballard at Lakeside Middle School
in Seattle, Washington rolled such pigs 3939 times. In the order of roll types
listed above, the number of rolls were: 1344, 1294, 767, 365, 137, and 32. 4

In Pass the Pigs, a pig coming to rest against another is called an “oinker”
and results in the loss of all points. Since the pigs may be thrown in such
a way to make this an unlikely event, we assume that the probability of an
oinker poinker = 0. However, we will include this parameter in the optimality
equations below if one wishes to examine cases where poinker > 0.

PigMania is similar to 2-dice Pig, in that a roll of left side and right side has
the same consequences as rolling a 1 (i.e., the turn ends with the loss of the
turn total), and a roll with pigs touching has the same consequences as rolling
two 1s (i.e., the turn ends with the loss of the turn total and score). PigMania
is similar to Frey’s variant in that two pigs in the same non-side configuration
score double what they would individually.

Let the rolls “right sider”, “left sider”, “razorback”, “trotter”, “snouter”,
and “leaning jowler” be numbered 0, 1, 2, 3, 4, and 5, respectively. Let r; denote
the number of times roll ¢ occurred in the data. Let » denote the total number
of rolls Z?:o r;. Let the point values pg,... ,ps be setto 0, 0, 5, 5, 10, and 15,
respectively. Then the difference in optimality equations is:

Pi,j,k,roll = poinker(1 - Pj,O,O) + (1 - poinker)Pi,j,k,roll,non-oinkerv

1-— Pj,i,(]v ifdy +de =1,
1 P"k_|_1 |fd1:d2§2,

Pi,j,k,roll,non-oinker =3 Z TdiTdy pl.’]" , ifdi =d- > 2. 0or
dy,d€[0,5] 6,9,k +4pay 5 1= a2 =4

P j k+pa, +pa,» Otherwise.

The optimal policy (Figure 8) is very similar to the optimal policy for Pig.
In fact, it is one of the closest matches for all known Pig variants. On the first
turn, the player should hold at 21. Assuming two optimal players, the starting
player will win with a probability of approximately 0.5310, a 6% advantage
over the opponent.

Hog

Hog [Bohan and Shultz 1996; Feldman and Morgan 2003; Mathematical
Sciences Education Board 1993] is a variation of Pig in which players have only
one roll per turn but may roll as many dice as desired. If no 1s are rolled, the
sum of the dice is scored. If any 1s are rolled, no points are scored for the turn.
It is as if a Pig player must commit to the number of rolls in a turn before the
turn begins.

4Data source: http://members.tripod.com/~passpigs/prob.html.
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Figure 8. Roll/hold boundary for optimal Pass the Pigs policy.

This is technically not a jeopardy dice game, as one is never faced with a
roll/hold decision where a turn total is in jeopardy. Indeed, the state space has
no turn total, so non-terminal states are indexed by (i, j) where the player’s
score is 0 < i < 100, and the opponent’s score is 0 < j < 100.

In our computation of optimal policy, we assume there is a finite maximum
number of dice d,,., to be rolled. For d,,.x > 26, the optimal policy remains
the same. Let 7(d, k) denote the probability that rolling 0 < d < d,.x dice
will result in a turn score of £ > 0. w(d, k) can be computed using dynamic
programming® with the following equations:

5Dynamic programming is described in Cormen et al. [2001, Ch. 15], Campbell [2002], andNeller
[2004].
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(1, d=1landk € {0,2,3,4,5,6};
0, d=1andk ¢ {0,2,3,4,5,6};
d, k) = -
m(d, k) w(d—1,0)+ 130V r(d —1,k), d>1landk=0;
\ %Z;“:ig(&k_”w(d— Lk—r), otherwise.

The decision a player is faced with is not whether to roll or hold, but rather
how many dice d to roll. The optimality equations for play thus take on a very
different form. Let P; ; denote the player’s probability of winning. In the case
where i > 100, we have P; ; = 1 because the player can simply hold and win.
In the general case where 0 < 7,5 < 100, the probability of winning is

6d

Pi,j = 0<fjn§%i}i,ax kz_oﬂ‘(d, k)(l — Pj,z‘—|—k)-

Interestingly, the optimal die roll policy for Hog (Figure 9) has a similar
shape to that of the optimal Pig roll/hold boundary. Multiplying the optimal
number of dice to roll by 4 (the average good die roll) approximates the optimal
roll/hold boundary for Pig. Assuming two optimal players, the starting player
will win with a probability of approximately 0.5299, a 6% advantage over the
opponent. On the first turn, the player should roll 6 dice.

If we compare the expected score per turn for Pig and Hog (Figure 10), we
see that a player seeks a similar expected turn score in most situations.

Future Challenges

Endgame Variations

For symmetry and state minimization in analyzing some of these games,
we have simplified some endgame conditions. In all cases, the first player to
reach the given goal score wins. However, all of these games could be played
such that other players have one more chance to win by achieving the highest
score. Here are two common variations:

e A player reaching the goal score begins the last round of turns. Once a
player reaches the goal score, all other players have one more opportunity
to achieve the highest score.

e All players are allowed an equal number of turns. Once a player reaches
the goal score, all other players remaining in the turn order have one more
opportunity to achieve the highest score.
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Figure 9. Dice to roll for optimal Hog policy.

If, after the last turn, the maximum score is tied, the first player to reach that
score wins.

These endgame variations presumably encourage players to exceed the goal
score by a margin in close games, but by how much? What fraction of the time
does the first optimal player win against an optimal opponent? These are open
questions left to the curious reader. Optimality equations will now have to
contain additional state information to model endgame play.

Three or More Players

There is no reason the same analyses and techniques cannot be extended

to Pig games with three or more players. Of course, the size of the state space
grows exponentially with the number of players.

One might approximate optimal n-player play policy by

e abstracting all of a player’s opponents as a single opponent with their max-
imum score, and
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Figure 10. Expected turn scores for Pig and Hog.

e applying optimal 2-player play policy.

How good an approximation is this? Again, this is an open question left to the
curious reader.

Further Investigations

Further related exercises may be found as part of [Neller 2004]. These
curricular materials for introductory artificial intelligence were developed as
part of NSF DUE CCLI-A&I Award Number 0409497.

Conclusion

Judging from the archival and online mathematical literature on Pig, this
simple jeopardy dice game has served well as an entertaining focus problem in
probability education. In this addendum, we have surveyed optimal play for
several variants of Pig, observing roll/hold surfaces of optimal play.

We conclude by noting that mathematical insight can aid in game design.
Pig variants where optimal play takes four or five successful turns to win are
much more popular than those that take two. One can compute valuesas simple
as the expected game duration, or as complex as the expected probability of
visiting a state. These mathematical insights combined with human insights
of perceived rule complexity, game tension, average player attention span,
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etc. suggest a parting question for the reader: Considering such objective and
subjective measures, can you design a “better” jeopardy dice game?
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